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ABSTRACT 
A complex Laplace transform funct ion was inverted by three numerical methods  and com- 
pared to the small time and large time approximat ion curves. This technique enabled the best 
choice o f  an inversion method to be made, since one method gave excellent results, at both 
small and large times and moved smooth ly  from one curve to the other. 
It is often inconvenient or impossible to analytically 
invert a Laplace transform solution of a particular 
problem, and the only alternatives are numerical 
integration of the original equations or the Laplace 
transform itself. 
Unfortunately, in the case of numerical inversion, 
one method may give good results on one type of 
function but fail dramatically on another. This is 
because the matrix of the various quadrature for- 
mulas is ill conditioned, reflecting the unboundedness 
of the Laplace transform. 
The only approach is to use a set of methods. How- 
ever, a judgment on accuracy may be difficult in 
cases where the analytic solution is not available as 
a check. Nevertheless if the Laplace transform is it- 
self an explicitly known function, almost invariably 
it is straightforward to determine the asymptotic 
and/or small time solution to the first or second 
order. A combination of these two analytic approxi- 
mations can be used effectively to decide on the ac- 
curacy of an inversion formula. Ideally, the numerical 
solution should be a curve, smoothly moving from 
the small to the large time analytic solution, with 
good agreement at the two extremes. 
This comparative approach was used to decide on a 
numerical method to invert the following Laplace 
transforms, which arose as solutions of a pair of 
coupled partial differential equations [3] : 
X x/O tanh x/~, 
Ml(S) -  l+ /a  s 2 
where 
),0 = s + 2/~x/7 11 (x/7)/ I  o (x/s) ; (1) 
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Nl2(s ) - ~" [1-~. (s + 2/a. ~ - -  l (X/-;- ) ),)-1l, 
(1+/a)s 2 I o (~/-s-) 
(2) 
with the Laplace transform of M(t) def'med as 
Nl(s) = ~0 e-st M(t)dt, 
and )k and # are real constants. 
The functions in (1) and (2) are extremely complex. 
Some of the singularities are isolated essential and there 
exists a double infmite set, suggesting a double series i f  
the residue calculus is used to invert them. Unfortunat- 
ely the residues cannot be evaluated in terms of known 
functions, and thus it was not realistic to complete the 
full inversion. 
However, it is not difficult to show that the small time 
solution Mis(t ) and the large time solution MiQ (t) are 
respectively : 
3/2 
Mls(t) =x/~ (2x~t  "+/.tt- ~2 l+/a  it /a ( l+/a)  t--- ), 
v5 
(3) 
5/2 
= ~[ t - )k t2  +16)kt 
M2s(t) 
l+/a " 2 15x,/~ 
+ ~,(X,-/a + 4/a 2) -~  ...], 
(4) 
rt 2A -a2t 
Ml~(t ) = 1 - ~ e  . . . . . . . .  (5) 
M2~(t ) = 1 - Ae -a2t . . . . . . .  (6) 
where a is the smallest root of 
a2 + 2/azJl- (a) = rr 2 ~4 in (5) or X in (6) , (7) 
J0 (a) 
and 
x2 +. +. j (.)/jo2 (o)1. (8) A= l+/a 
Three different methods of numerical inversion were 
chosen; (i) Norden's method [4] as modified by Hans- 
son-Mild [2], (ii) the Bellman-Kalaba-Lockett (B-K-L) 
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method [1] and (i/i) Piessens method [5], The Fzrst 
is similar to that of Salzer [6] and replaces the La- 
place inversion integral by a simple N-point quadra- 
ture formula. The second replaces the Laplace trans- 
form integral by an N point Ganss-Legendre quadra- 
ture formula, whilst the third method replaces the 
Laplace transform by a series of orthogonal Jacobi 
polynomials Pk(a,O). The inversion is then completed 
term by term using an algorithm to avoid loss of 
significance. The latter method possesses ultra-high 
accuracy in cases of oscillatory functions uch as 
1 
(s 2 + 17 2 ~ J0(t), but no tests were made on 
monotone multi-exponential functions. 
All calculations were done in double precision on a 
Univac 1106 computer at the University of Cape 
Town. 
It can be seen in ftg. la-d that the Piessens method 
whilst perhaps uitable for oscillatory type Laplace 
inverse functions is a poor approximation for a mono- 
tone multi-exponential function as seen in the asymp- 
totic solution of (5) and (6). It presented fair to good 
accuracy with the small time solution as seen in fig. 
lc and d, but did not match up to the asymptotic 
portion of the solution. On the other hand the 
Norden and B-K-L methods gave solution curves 
moving smoothly from the small time solution to the 
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asymptotic solution. In the case of the Norden 
method agreement was remarkable for both very 
small and very large times, usually to 4 significant 
~l~ures. 
No significant improvement was obtained in some 
limited experimenting with varying the parameters 
and order of quadrature in the B-K-L and Norden 
methods, however, accuracy of the Piessens method 
was found to be unpredictable except at small times. 
As a check on oscillatory functions, some of the 
results presented in [5] were duplicated in double 
precision. In particular, the function J0(t) was 
__I 
evaluated by inverting (s 2 + 1) 2 to a very high 
accuracy using Piessens method. In contrast, he 
Norden and B-K-L methods produced poor results 
for this oscillatory function. 
It is concluded that the modified Norden method [2] 
provides the best accuracy overall when the inverse 
Laplace transform is a multi-exponential function 
of the above type. 
By using the small and large time solution in con- 
junction with several inversion methods, the best 
numerical approximation may be selected, and ff 
necessary further efined by experimenting with its 
parameters and order of quadrature. 
0 / .-- " ~  
TNd[ ( t )  
( ).s I0 ) 
tOO 
G?S 
0.2S 
O0 
tOO 
TIME(t) 
( z.1 ) 
0.75 
~ O.SO 
A2S 
d 
o~ a', ch ~3 ~, 0s ~tE(,) 
( )410 ) 
Fig. 1. Numerical inversions of Ml(t ) and M2(t ) compared to the small time and large time approxima- 
tions ( - - - ) ;  Piessens (1972) ( . . . . . .  ); BeUman-Kalaba-Lockett (1966) and Norden (1961) ( 
In c the latter curve is coincident with the large time curve. In each case p=1.11 and ~= t or 10. 
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